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In "An Anything-But-Average Average" [1] , Kahan investigated the equation
He found three solutions (a, b, c) = (1, 1, 1), (3, 3, 2) , (5, 7, 4) , for a, b, c ≤ 100. We show here that these are the only solutions to (1), and also provide some necessary conditions for
to hold, which was left open in [1] .
Averaging two sums of powers of integers We need two useful facts about
which can be found in [2] : (i) The function S k (n) is a polynomial in n of degree k + 1, and (ii) the leading coefficient of S k (n) is 1/(k + 1). Note also that Now, as we noted, the leading coefficient of the right hand side of (1) 
If a < b, then the leading coefficient of the left hand side of (1) is
This time we must have 4c = 2 c , which implies that c = 4. This yields (a, b, c) = (5, 7, 4). Therefore, (a, b, c) = (1, 1, 1), (3, 3, 2) , (5, 7, 4) are the only solutions to (1) .
Averaging more than two sums of powers of integers In order to deal with (2), we assume that
In other words, the last p of the a i are equal and larger than the preceding a i . By the same reasoning as above, we must have a m−1 + 1 = 2a m , and the coefficient of the largest power on the left hand side of (2) is
Setting this equal to the leading coefficient on the right hand side, and we get that any solution to (2) has
We can make some observations, on this basis, about possible solutions to (2) . we get a m = 4. The case when x = 1 gave the solution (5, 7, 4) . In fact, Mathematica finds 92 solutions for (3) when a m and m are between 1 and 100, and 956 solutions when 1 ≤ a m ≤ 100 and 1 ≤ m ≤ 1000. Some of the first few solutions to (3), sorted by m, are (m, a m , p) = (3, 4, 1), (5, 3, 3) , (5, 4, 2), (7, 4, 3), (9, 3, 6), (9, 4, 4). Notice that the first solution has m = 3 so it reduces to solving (1), but this only tells us that c = 4 and not how to find a and b. This is, of course, the (5, 7, 4) solution above.
Concluding remarks
As m increases, and the difference between m and p increases, the difficulty finding solutions also increases. We do have one possible solution in (5, 3, 3 ) that we could check since we already know that m = 5, a m = 3, and a 2 = a 3 = a 4 = 5, which leaves us with only one unknown term in a 1 . When m and p differ by only 2 we will have only a 1 unknown. We also know that a 1 cannot exceed 3. It turns out that we do get a solution with a 1 = 3. At this point, it is not known if any of these solutions to (3) yield solutions to (2) , beyond what is known here. One could write a program to search for solutions, but that won't solve the problem in general, and so it seems that solving this problem for m > 3 will require some other approach.
Summary. When is the average of sums of powers of integers itself a sum of the first n integers raised to a power? We provide all solutions when averaging two sums, and provide some conditions regarding when larger averages may have solutions.
